We present a bidirectional modification of the standard one-qubit teleportation protocol, where both Alice and Bob transfer noisy versions of their qubit states to each other by using single Bell state and auxiliary (trigger) qubits. Three schemes are considered: the first, where the actions of parties are governed by two independent quantum random triggers, the second with single random trigger, and the third as a mixture of the first two. We calculate the fidelities of teleportation for all schemes and find a condition on correlation between trigger qubits in the mixed scheme which allows us to overcome the classical fidelity boundary of 2/3. We apply the Choi-Jamiolkowski isomorphism to the quantum channels obtained in order to investigate an interplay between their ability to transfer the information, entanglement breaking property, and auxiliary classical communication needed to form correlations between trigger qubits. The suggested scheme for bidirectional teleportation can be realized by using current experimental tools.
I. INTRODUCTION
Significant progress of experimental techniques for the synthesis and manipulation of individual quantum objects [1] is a milestone on the path toward the implementation of a new generation of secure communications with quantum key distribution [2] , ultrasensitive metrological devices based on quantum sensing [3] , and high performance quantum information processors [4] .
Quantum teleportation [5] is of paramount importance for quantum science and technologies [6] . It can be used as a key building block for quantum information technologies such as long-distance quantum communications [7] [8] [9] [10] and universal computing [11] . Due to this fact, quantum teleportation has attracted a great deal of interest in experiments with various substrates such as photonic (both discrete and continuous-variables) qubits [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , nuclear magnetic resonance [22] , trapped atoms [23] [24] [25] [26] [27] , atomic ensembles [28] [29] [30] , and solid state [31] [32] [33] [34] .
The key ingredient of the seminal teleportation protocol [5] is sharing of a two-qubit maximally entangled Bell state. Together with local operations and classical communication (LOCC) it allows the establishment of an ideal one-qubit channel from Alice to Bob [see Fig. 1(a) ]. This process can be interpreted as a formation of an information-transferring medium for a qubit state by means of the Bell state [35] [36] [37] , which is very attractive from the viewpoint of the investigation of fundamental aspects of quantum physics [38] . From the viewpoint of such treatment, quantum states are considered to evolve along and against the flow of time [36] . We note that possible paradoxes with causality are avoided because the necessity of additional classical communications [37] . These effects have been actively studied by using postselection in the frameworks of "conditional time Suggested scheme of imperfect bidirectional quantum teleportation: Alice and Bob simultaneously transmit their states |ψA and |ψB to each other by using the Bell state |β , but they receive the states with density matrices ρA and ρB, which are not perfect versions of the transferred states.
travel" [36] and projective closed timelike curves [39] .
We note that, in the standard one-qubit teleportation scheme, the direction of an established channel is governed by operations performed by two parties [see Fig. 1(a) ]. Indeed, the state is transferred from the party conducting a projective measurement (Alice) to the party applying an unitary transformation (Bob).
In our work, we address a question about the possibility to modify operations performed by parties in order to adapt the information-transferring medium of Bell state for carrying of two qubits spreading in opposite directions: from Alice to Bob, and from Bob to Alice [see Fig. 1(b) ]. This study of bidirectional (two-way) teleportation (together with the first protocol for continuous variables teleportation) has been initiated by the scheme in Ref. [40] . A direct way for bidirectional quantum teleportation is to use two quantum teleportations with two Bell states: from Alice to Bob and vice versa. A number of alternative approaches to bidirectional quantum teleportation based on n-qubit entangled states with n > 4 [41] [42] [43] [44] and GHZ states [45] has been suggested.
Our approach is different from that mentioned above in two points. First, our protocol occupies the minimal amount of shared entangled qubits, i.e., a singe Bell state pair. Second, the fee for such utilization of shared entanglement is that bidirectional transmission of quantum states becomes imperfect and only noisy versions of input states can be obtained at the output. Bidirectional teleportation with a Single Bell state can be interesting both from the fundamental viewpoint, since it uncovers the additional potentialities of shared entanglement, and from practical perspectives because experimental control for Bell states is on a higher level than for many-qubit states.
We study three schemes for implementation of bidirectional quantum teleportation with a single Bell state and auxiliary two-level quantum systems (trigger qubits), whose initial states control the workflow of the schemes. First, we consider a scheme, where the actions of parties are governed by two independent random trigger qubits. In the second scheme, a single random trigger is used. The third one is a mixture between first and second schemes and can be considered as having tunable level of classical correlation between trigger qubits on both sides.
An important benchmark for imperfect quantum teleportation to ensure that the resource of quantum entanglement is utilized is to require the following inequality for the teleportation fidelity: F > F class , where F class = 2/3 is the maximal fidelity that can be achieved by means of classical communication only [46] . We analyze the fidelity of teleportation for all schemes and find a minimal amount of correlation between trigger qubits, which allows the classical fidelity boundary to be overcome (as will be shown the scheme with independent trigger qubits fails to simultaneously achieve F class in both directions).
The fact that appearing quantum channels belong to the class of depolarizing ones also allows us to employ the Choi-Jamiolkowski isomorphism [47, 48] to study how classical capacity [49] , entanglement-assisted capacity [50] , and the entanglement breaking property [48, 51, 52] of the suggested teleportation channels relate to the auxiliary classical information responsible for forming correlations between trigger qubits.
The paper is organized as follows: We suggest bidirectional teleportation schemes with two independent quantum random trigger qubits, one random trigger qubit, and a mixture between the previous schemes in Sec. II. In Sec. III, we calculate the fidelity of teleportation for all schemes and find a condition on correlation between trigger qubits in the mixed scheme, which allows us to overcome the classical fidelity boundary F class . We analyze the relation between characteristics of Choi-Jamiolkowski state and the amount of auxiliary classical communication in Sec. IV. Finally, our results are summarized in Sec. V.
II. BIDIRECTIONAL TELEPORTATION
The standard one-qubit quantum teleportation protocol works as follows. The idea is to transfer the state |ψ from one party (Alice) to another (Bob). Before protocol start, Alice and Bob share two particles of a maximally entangled pair. We consider one of the Bell states
The protocol consists of three steps: (i) Alice performs a projective measurement in the Bell basis of her particle in the state |ψ and the particle from the entangled pair;
(ii) Alice sends the index of the measurement outcome (that is 2 bits of information) to Bob through an ideal classical communication channel; (iii) Bob performs the particular unitary operation, which depends on message from Alice, on his particle from the entangled pair to obtain it in the state |ψ . We note that Alice's measurement in the first step of the protocol breaks an initial entanglement of state (1), and her particle from the entangled pair transforms to a maximally mixed state. Besides, Bob has to minimize an interaction of his particle from the entangled pair with an environment to avoid decoherence that reduces the fidelity of the quantum information transfer.
These two points indicate that, to make it possible to transfer information from Bob to Alice as well as from Alice to Bob, i.e., make teleportation bidirectional, Alice should not perform a perfect projective measurement of her particles. Indeed, Alice should leave some correlations of the Bell state for the purpose of information transfer in the reverse direction. Bob should be guided by the same strategy to obtain the quantum state from Alice and, at the same time, send his own one.
Below, we describe possible schemes for bidirectional quantum teleportation with two random trigger qubits, single random trigger qubits, and a mixture between these two schemes. The suggested method of entanglement utilization results in imperfections of the transmitted states. In other words, teleportation fidelities are less than unity. Nevertheless, in such a scheme the fidelity of teleportation can be high enough for applications in quantum information technologies. We also note that the scheme operates with N = 10 qubits; however, these qubits should be prepared locally for two parties without need to be transferred. This looks realistic in the view of recent experimental advances in operating with multiqubit systems [53] . 
A. Independent random triggers
The idea of the first scheme is based on two independent random trigger qubits that guide the actions of Alice and Bob. The scheme operates with N = 10 qubits as it is presented in 
is the standard parametrization of a qubit pure state on the Bloch sphere.
To perform the projective measurement in the Bell basis using measurements in computational basis, one can use a sequence of controlled-NOT (CNOT) and Hadamard gates that converts a set of four Bell state vectors into a set of four two-qubit computational basis vectors. This sequence is applied to qubits Q A (Q B ) and C A (C B ). Next Toffoli (CCNOT) gates make 'copies' (in the sense of computational basis) of qubits C A (C B ) and Q A (Q B ) on M The resulting quantum channels from Alice to Bob and from Bob to Alice can be written as
where p i = sin 2 (θ i /2) and ρ 0 is the maximally mixed qubit state.
Let us consider several important cases. If θ 1 = θ 2 = 0, then neither Alice nor Bob make projective measurements, the entangled state of |β of C A C B remains unchanged, and the parties end up with maximally mixed state ρ A = ρ B = ρ 0 . If θ 1 = π and θ 2 = 0, then Alice performs a perfect projective measurement, Bob performs an appropriate unitary transformation and obtains his particle C B in the desired state ρ A = |ψ A ψ A |, while Alice ends up with ρ B = ρ 0 . That is perfect unidirectional teleportation from Alice to Bob. In the case of θ 1 = 0 and θ 2 = π, we obtain perfect unidirectional teleportation from Bob to Alice. If θ 1 = θ 2 = π, then both parties make perfect projective measurements on their particles and obtain maximally mixed states ρ A = ρ B = ρ 0 in the result.
B. Common random trigger
The second scheme [see Fig.2b ] looks similar to that considered above; however, here we exchange two independent trigger qubits T A and T B with a single common random trigger qubit T initialized with the state |ψ θ,0 . The trigger qubit guides the performing of projective measurements on both sides simultaneously in such a way that it happens only on the one side. This is achieved by applying the inverse gate X on the trigger qubit T . For this scheme, the two channels are as follows:
where p = sin 2 (θ/2). In this way, we obtain teleportation from Alice (Bob) to Bob (Alice) at θ = π(0).
There are two points about common trigger qubits we should mention. (i) Although its control over Alice's and Bob's indirect Bell measurements [see highlighted boxes in Fig. 2(b) ] are presented by CCNOT gates, the control could be performed via classical communications as well: the measured value of T 's initial state is used by Alice, and its inverted value is sent to Bob. (ii) Trigger qubit T can belong to the third independent party (Charlie) and its random value can be transmitted via a classical channel to Alice and Bob.
C. Mixed scheme
Finally, one can consider a mixture of the two schemes, governed by parameter t ∈ [0, 1]:
where at t = 0 and t = 1 we obtain the schemes with common and independent triggers correspondingly. This scheme can be considered as intermediate between two limiting situation: the first one with two parties acting independently from each other, and the second one with the two parties acting in complete correlation to obtain a constructive result. In this way, the mixed scheme employs tunable level of classical correlation between trigger qubits on both sides. (8) is shown: (a) for the scheme with independent trigger qubits as function of p1 and p2; (b) for the scheme with a single common trigger qubit as function of p, and (c) for the mixed scheme with p = p1 = p2 = 1/2 as a function of t. The horizontal dashed lines (plane) correspond to the critical value F class = 2/3.
III. FIDELITY OF TELEPORTATION
The suggested scheme for bidirectional quantum teleportation via a single Bell state has an important shortcoming: it can not be presented by a perfectly identical channel. Then the scheme can be mapped on the conventional unidirectional teleportation with the use of not maximally entangled states.
For a qubit quantum channel E, the standard measure of imperfections is the averaged fidelity for all pure input state vectors over the Bloch sphere:
where
For the teleportation protocol the expression (6) is known as fidelity of teleportation. In view of the critical value of F class = 2/3, which can be obtained by using only classical communication [46] , we are interested in the regimes, where teleportation channels demonstrate the averaged fidelity larger than 2/3. By substituting (3)- (5) into (6), for the considered bidirectional teleportation schemes [see Fig. 3 ] we have:
We note that fidelities for the inverse direction B → A can be obtained be exchange p 1 ↔ p 2 and p ↔ 1 − p.
In the symmetrical regime p 1 = p 2 = p = 1/2 for the schemes with independent and common trigger qubits, we obtain the averaged fidelities F [E ind ] = 0.625 < 2/3 and F [E com ] = 0.75 > 2/3. Then we conclude that the scheme with independent triggers is inefficient. Better results can indeed be obtained just by direct measurements and classical communication. Nevertheless, for the common trigger scheme the fidelity is high enough to observe benefits of using a shared entangled state.
In the case of the mixed scheme in the symmetric regime we obtain F [E mix ] = 3/4 − t/8, which demonstrates linear interpolation between limiting cases considered. The solution for the critical level F [E mix ] = 2/3 is t 0 = 2/3. This value corresponds to a minimal amount of correlation between the actions of Alice and Bob, which allows us to approach the quantum regime in the symmetric bidirectional teleportation scheme.
IV. INFORMATION FLOWS ANALYSIS
We consider information transfer in the proposed bidirectional version of quantum teleportation protocol. We focus on the mixed scheme in the symmetric operating mode, where Alice and Bob transmit equal amounts of information to each other. The resulting quantum channels (same in both directions) are given by the expression
which is obtained by substituting
We start from consideration of auxiliary classical communication that is needed for establishing correlations between operations of the parties. For that purpose we introduce a matrix of joint probability distribution
whose rows (columns) correspond to the decision of making a projective measurement by Alice (Bob). The first and second terms in Eq. (10) are related to independent and common trigger qubits correspondingly. From the joint distribution (10), one can extract the marginal distributions
which in turn allows us to calculate the Shannon's mutual information
The value of I aux gives the auxiliary classical communication, and for the symmetric mixed scheme under consideration is given by
is a form of the one-parameter quaternary entropy function. Obviously, we obtain I aux = 1 for t = 0 (common trigger scheme) and I aux = 0 for t = 1 (independent triggers scheme). For the critical value t = t 0 = 2/3, we have the I aux = I 0 ≈ 0.0817 bits, which turns out to be the minimal amount of auxiliary classical communication between parties necessary to overcome a nonclassical teleportation fidelity.
We also analyze information transfer directly through quantum channel (9) . Along this line, we imply the Choi-Jamiolkowski isomorphism [47, 48] , which establishes a compliance between quantum channel and quantum state. We consider the Choi-Jamiolkowski state ρ RQ , that is obtained by propagation of a part of a maximally entangled state (1) through a teleportation channel, e.g., from Alice to Bob [see Fig. 4 ]. The passing qubit is denoted as Q, the untouched (reference) qubit as R, and the resulting density matrix is given by
As a measure of total information transfer through a quantum channel (9), we use the following form of the quantum mutual information:
is the von Neumann entropy and ρ R and ρ Q are the reduced states of ρ RQ . We note that I tot also gives an entanglement-assisted capacity of our depolarizing channel [48] . By substituting (15) into Eq. (16), we obtain
with another version of the one-parameter quaternary entropy function
The behavior of the auxiliary classical communication I aux and quantum mutual information (entanglementassisted capacity) I tot is depicted by solid lines in Fig. 4 .
While the additional classical communication I aux decreases from 1 to 0, the quantum mutual information decreases from 0.451 to 0.120. In this way additional classical communication increases a throughput of resulting depolorizing channels more than in 3.5 times.
To split classical and quantum components of quantum mutual information (17), we consider the quantum discord [54] of the Choi-Jamiolkowski state, which is given by
with the classically-accessible information [55] I class = max
where {Π R j } is the positive-operator valued measure (POVM) in the space of reference qubit R,
is a probability of j-th measurement outcome, and
is a corresponding conditional state of Q. For the considered state (15) the optimal measurement turns out to be any von Neumann measurement, and the value of classically-accessible information is given by
is a binary entropy function. It is remarkable that the value of I class also gives the classical capacity of the channel [48] . It follows from the fact that the classical capacity of the depolarizing channel is achieved on sets of two orthogonal states input into the channel with equal probabilities. At the same time the von Neumann measurement of one particle from a maximally entangled pair is also considered as remote preparation (although not controlled) of such the input. The behavior of classically-accessible information (classical capacity) I class as a function of parameter t is given by dashed line in Fig.4 . It decreases from 0.189 bits at t = 0 to 0.0456 at t = 1, so the auxiliary communication increases classical capacity more than in 4.1 times. It is quite remarkable that the curve of I class crosses the curve of I aux exactly at the critical point t = t 0 . At t < t 0 an overcoming of classical auxiliary communication over classical capacities turns the teleportation channel into a "quantum regime" with F > F class . Probably this may be due to the possibility of transferring this auxiliary information via one of the teleportation channels.
Nevertheless, we leave a deeper investigation of this identity and its possible generalization on asymmetric regime, where the capacities of opposite channels are different, for further study.
Another important characteristic that describes nonclassical behavior of a quantum channel is its ability to maintain the initial entanglement between a passing system and some external system that does not interact with the channel and its local environment. The channels, whose action on one part of the entangled states makes these state separable, are known as entanglement breaking channels [51] . The criterion for entanglement breaking for a particular channel is separability of the corresponding Choi-Jamiolkowski state [52] . To investigate this property we calculate the concurrence, which is a measure of entanglement in two-qubit states [56] . It is given by
where {λ i } is a set of eigenvalues (in descending order) of the density matrix
with σ y being the standard Pauli matrix and * stands for complex conjugation. For the particular density matrix of the form (15), we obtain C = max (0, 1/4 − 3t/8) .
As we see perfect correlation between operations of the parties (t = 0) results in one quarter of the maximum value (dashed line in Fig. 4) . One can also see that the channels become entanglement breaking at the point t = t 0 , where the fidelity of teleportation reaches the classical boundary. This behavior can be explained by the fact that any entanglement breaking channel can be expressed as a measure-and-prepare channel which consists of intermediate stage where all information is encoded as a classical state [52] . In our case, this stage corresponds to classical communication between parties. Finally, we would note the coherent information responsible for quantum capacity [57] and given by
is negative for the whole region of parameter t. It can be easily revealed using the fact that the reduced state ρ R is maximally mixed, therefore
while the value of I tot is less than 1/2 [see Fig. 4(b) ].
V. CONCLUSIONS AND OUTLOOK
We now summarize the main results of the present paper. We suggested several approaches to implement a bidirectional version of the standard one-qubit teleportation protocol with the use of a single Bell state: with two independent quantum random trigger qubits, with one random trigger qubit, and mixture between the first and second approaches. We demonstrated that it is possible to achieve a regime of overcoming the classical fidelity boundary of 2/3 for teleportation channels in both directions, and showed how the auxiliary classical communication, using for establishing correlations between trigger qubits, amplifies the capacities of the resulting quantum channels. We also revealed that the operating mode, where the fidelities of teleportation reach the classical boundary, corresponds to the identity between auxiliary classical communication and classical capacity of the channels.
Current state of the art demonstrates a potential for realization of the suggested bidirectional imperfect quantum teleportation with a single Bell state and a necessity of further investigations of the suggested scheme, e.g., in the framework of the logic Bell-state analysis [58] .
